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Abstract

In this reports the effect of the orutal model on the variation

of the surface motion with the angle of incidence and the frequenoy Is

examined for several crustal models, The study was carried out by

prograumidg the problem for the IBK 1620 and 7072 ooquter system usig

the matrix formulation originally sugested by Thommon and perfected by

Haskell and Dorm.n From these programs, the ratios of the displace-

ments at the free surfaoe to the total amplitude at depth were computed

for several crustal models in ranges of frequency and angle of inoidence

of interest in seimology. These rati ae, in effect, tronami im

ooefficients.

Six crustal models havinga suh features an thin lw-velocity our'-

face layers, low-velocity layers at depth, and relatively thick and

relatively thin total thicnesses were considered. For each model, the

transmission coefficients wore coqptod for frequencies ranging from

.02 cps to 10.0 cps in steps of ,02 cps, and for angles of incidence

ranging from 21 degrees to 53 degrees in steps of 4 degrees. Haskell's

model was included in these calculations in order to obtain a check on

the calculations. A further check was obtained by using the trammis-

sion coefficients to synthesis* the surface notion duo to an incident

wave of the form (1/77 (sin 277t)/t ar comparing tame values idth
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those predicted by ray theory. The apeemsnt was very good.

At a result of these slUolatioUD the inportans of the frzoeney

dependent character of the ourstal effect has been further eaphaised.

-It has been shown that a thin lw-velocity surface layer oauses a large

variation in the transciesion ooefficiets, while a low-veloty laer

( at depth has little effect, especially at 1w frequencies. Pubherp

it has been show that the total crustal thickess is em at the mt

significant factors in determining the variation with froenomy. The

)tranesies coefficients of Telatively thick crustal models have a

moh awe rapid frequency vaation than these of the relat ively thin

eawt. At frequencies less tI*n .J ap, it Is very difficult to dis-

tinguish betveen omstal models of very nearly the sam thicknesa by

mans of the frequency variation of the tranmiesn eoff olea s

ules the i nternal tztA e Is very differesi.
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I* Introduction

With the advent of large notworks of calibrated seismographs, it has

become increasingly important to determine the off aot of the layering In

the earth's crust beneath the individual statiom a the surfaoo motion

generated by sei m waves striking the base of the crust. This report

studoies now aspects of this problem by oalculating the particle mtiom

which would be observed at the surface of a system of plans, horlsontals

non-attenuating layers as a result or a continuous sinusoidal plae ewa

striking the base of the layered system at oblique angles of i nidanoe.

(FIS. 1) The Haskell-Thomom matrix mthod is %sed to obtain the steady-

state rpone, and then the transient response for a simple pulse shape

Is obtained by Fourier integration.,

Although the relatively recent matrix formulation is ued in this

repot, the observations and basic theory which indicated that the

crustal layering could have a significant effect on the surface notion

have long been known. In 1929, Immura observed small, oscillatios af-

ter the first arrival. He suggested these oscillatiom could be dus to

the layering in the earth's crust. Then in 1932 usuki observed a varia-

tion in the apparent angle of incidence with fregency. Since these

phenomna could not be explained on the basis of a homogeneous half spaces

various Japanese investigators began theortical stdies to determine Wt

effect of layering in the crust on body waves.
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Under the conditions of continuity of stress and displaoeont at the

layer boundaries such Ivetigator as Semam (1930), Hasegam (1930),

Snws and lanai (1932a, b, e, 19341 1935, 1936) and Iihiam and lamai

(1933) showed that layering in the crust sould cause the effets ms-

timed above. Althoqh in prinoiple this fact was well establiehed by

1936, in practice little was known quantitatively about the magiutudo of

the effect of the layering an the surface motion. Tkese oalioaiems

Which were earried ou usually involved such simplifying mumpti.ms as

mamal incidence, equality of density reduotim of the problem to twe

layers (L.e* .me layer over a half-pede), and a value at Poiea's

ratio oqisl to 0.25. Howovers, from these studiess, especially those at

Sesawa and Klai (1930, 1935), it was possible to state that the effset

of the laering varied with both frequency and angle of ineidence.

In 1939 Nishinura and Takayama (1939a# 1939b) oeidered the offset

of a single two-layer systen for nine angles of inoidenoe wit thirty

values of steady-state frequency at each angle. This work reesoted

the most extensive set of calculations in existenoc until 3M6piken I.

A. Hmkell published his work. In this Interval the obervaim oC

outemberg (1957) and uttli and Uito (1961) ga evea mr esph s

to the importance of the autal effect and its variation with frequ

as did the model studies of Press, Oliver and wing (195)), Ivanova

(199) and Lavergne (1 61). In addition, investigatos such as Lisdsa

(1939), Kasai (1953, 1957), Kanai and Yeshisawa (1959) earried n other

theoretical studies. However, the theory end nothod of approach re-

mained basically the sane, and the primarIly qualitative eamolva im

may be swidio an folams



1) The small cosillatioiu after the arrival of a body phase sam

be caused. by the eratal structure rather than the swee

2) The effect of the crust varies with

a) cruatal struture

b) angle of incidence

a) frequency*

3) EiMptical particle ations from dilatational sources eom be

uplatmed an the basis of layering of the crist.

4) Low-velocity sedimentary surfae layers can case large a"Um

tudes to be observed at the free surf ae.) 5) The effect of the crust is nearly constant for sws with very

long wavelength.

These conclusions point out the need to consider the effect of the crmt

an any seismic studywichol is based an amplitudes or on the associated

apparent angle of incidence, especially since the observations are oftem,

earrned cut on instrumnts vith different frequency response curves,

Some seismologists have attempted to use the frequency depeadenee

1, of the surface notion on a layered crust an a meana of determiniftg

crustal structure. In particular, several investigators have attempted

to voe the spectrum of the ground motion to determine the orvatal layer-

ing (Clewell and Simon,, 1950, Berson, 1956a, bj Berson ad Spinatyeva,

19501 and Zhudznsky, 1961). However, beomase of the lack of ooparab]e

quantitative theoretical studies* their work is main" of Interest- a

one of the fins atteopts to apply the frequenc variation of the
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surface motion an a tool to determine crustal structure.

In addition to the lack of quantitative theoretical studiesthe above

work suffered from its inability to determine whether the frequency vari-

ation of the spectrum of the ground notion arises from the orutal inter-

forence or from the source motion.

As will be seen in section 2, the effect of the source can be elim-

inated, or at least minimised, by considering the ratio of the horisontal

surface motion to the vertical surface motion as a function of frequency.

Some attempts to follow this line of invesgation were carried out both

theoretically and experimentally by Malinovukaya (1959), Ivanova (1960);

V Halperin and Folova (1960); and Halperin (1962). Although this method

appeared to be superior to the use of the spectrum of a single component,

these investigations again suffered from a 1 ok of quantitative theoreti-

oal values which could be used for comparison.

Two events combined to provide a mans of obtaining theoretical quan-
1

titative values on a sufficient scale to be able to separate the effects

of the model, the angle of incidence, and the frequency. These weres

a) the development of the matrix formulation of the boundary coanitiom,

and b) the general availability of high speed computers.

The present state of the matrix formulation of the boundary conditions

is primarily due to three investigators: Thoron (1950); Haskell (1953);

and Dorman (1962). Thomon =ade the original formulation in which he

treated the problem of propagation of plane waves through a system of

plane parallel layers. Haskell (1953) corrected an error in Thomson's

work and emphasised the application of the method to the dispersion of Love
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and Rayleigh waves. In 1962 Dorman showed that the previous foramulations

had, in effect, over-speoified the boundary conditions at a boundary be-

tween a liquid and a solid. Although the applications to surface waves

resived the major attention of seismologists until 1960 and 1962 when

Haskell considered the applications to body waves, the original formula-

tion was quite general. As early as 1953, Matumoto considered the trars-

mission of body waves using matrix techniques. At that time, even with

this powerful tool he was not able to consider as many cases as had.

Nishimura and Takayama (1937, 1939a). However, the matrix techniques are

well suited to uodem digital computers and with their coming it has

becom possible to treat systems of many layers for many angles of in-

cidence and many steady-state frequencies.

In 1962 Haskell obtained contour plots of the amplitude and phase

to the vertical and horizontal surface ations for a two-lqer systa

for angles of incidence ranging from sero to 90 degrees and for fre-

quenoies ranging from .01 to .333 ape. In 1963 Phinney and Smith ob-

tained theoretical ratios of the spectra iq the low frequency range for

a number of crustal models. In 1964 Phinney showed a series of curves

illustrating the results of a large number Qf calculations of the theo-

retical ratios of the vertical surface motion to the horizontal surfaee

motion as a function of frequency.

These calculations are undoubtedly the awt extensive set of cal-

culations which have been done in the frequency range from 0.001 to

0.2 ape. From these calculations he concludedt
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1) The effects of intermediat, and deep crustal structure

is isolated in the low frequency range*

2) The positions of peaks in the ratio do not change appro-

ciably with changes in the angle of incidence,

3) Fine struoture in the transfer ratio is doe to the stzuoture

of the upper mantle.

I) Thin, low velocity surface layers have no singular effects

on the crustal peaks in the low frequency range.

He compared these computations with the observations of the ratios of

the spectra of the ground motion at Albuquerque, New Mexico, and Bezumda-

Co umbia. From his analysis he was able to obtain crustal-upper mntle

models which were geologically satisfying. Thus,, in addition to obtaiA-

lag considerable information about the theoretical variation of the

spectral ratios, he was able to obtain and use obeervational stiee

for the determination of crustal struicture.
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2. Theory

Although the matrix formulation of the boundary conditions in a

layered system is of considerable importance at the present tin, it

will not be developed in detail here because of the many excellent treat-

ments which already exist (Haskeil, 19531 Dorman, 1963). However, since

the application of this formlation to body waves has recently received

nre attention, we will briefly consider the theoretical background at

this application.

As a result of his analysis in 1953, N. A. Haskell obtained the

following equation governing the steady-state tramsnission of plane si-

nsoidal waves through iqered systma

.,- A, .2 """ A, o/c

n To

where A and W.) are plane wave solutions to the dilatational and rota-

tional wave equations, The singly primed term are the amplitudes of

the donmward travelling oonponents while the doubly primd tem somre-

pond to the upward travelling waves.

1-1 is a 4 x 4 matrix associated with the boundary condition

between the half-space end the n-1th layer. This mtrix

is independent of frquencyo

I
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n-i is a x: matrix associated with transmission across the

n-i t h layer and the boundary between the n-i t h layer and

the n-2nd layer. Matrices of this type depend on the layer

constants, the angle o incidence and the frequency of the

input plane waye.

uo  in the horizontal component of the particle vocity

the zeroth interface (Fig. 1)

is the vertical component of the particle velocity at the

seroth interface.

o is the apparent surface velocity.

0o is the normal stress at the zeroth interface.

o is the tangential stress at the zeroth interface.

0(n is the dilatational wave velocity in the nth layer.

This equation relates the motions at the top and bottom of a layered sye-

tOm, incorporating the conditions of continuity in stress and velocity at

each interface. In the particular case being considered, there is no

up-caming shear wave in the nth layer, and the top of the layered system

Is boided by a free surfa c. Following Haskell (1962), we then met

o'OWjn =0

700

corresponding to the above conditions,

Under these conditions, we cm solve the four algebraic equations

which are implied in the single matrix equation for tn I Jn, J

o/c in term of t'n. In particular, we can obtain
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UO 9(, * 2 (J32 " '1i42) /Dn

0 n

and (2)
- 2 (J " J3L) /Den

a n

where the J's are the elemnts of the 4 x 4 matrix defined by

In"I An 1 ., . . A1 and Den - (Jll-J21 )(j 32 -J42) - (J12-J22)(J31-Jl)*

Rather than use the ratios of * and |o to • n as developed in equa-

tions (2), we shall find it more convenient to obtain the ratio of the

componenta of the surface particle velocity to the total particle veloo-

ity in the nth layer due to the incident dilatatioeal wave.

4e e n o(n )

Therefore from equations (2) and (3) we have

vT  
A 4

- 2 0 (J -J 31 ) /D=u (4)
v n

These same equations represent the ratios of the surface displacements

to the displacemnts at depth since we are considering steady-state

simple harmonic notion, Thus we have



2owo/ATn a a- (Jil, .iJ)/Dsn

where ATn is the amplitude of the total particle displacemnt of the in-

cident dilatational wave in the nth layer. Equations (5) are, in

effect, the equations for the transmission coefficients which relate the

motion at the free surface of the layered system to the motion at the

base of the system directly beneath the point on the surface. These co-

efficients are complex functions involving the frequency, the horisontal

phase velocity (which is related to the angle of incidence), and the

layer parameters. We shall use the symbols TU and TW as defined belw

for these coefficients.

TU " UO
[ C 6)

ATn

In a later section we shall examine the values of TU and TW which were

obtained by evaluating equations (5) for a number of crustal modelso

These models have such features of seismological interest as relatively

thin low velocity layers both at the surface and at some depth, and

relatively thick and relatively thin total crustal thicknesses. Before

doing so, however, we will present some applications of TU and TV

which are of interest.



Since TU and TV are dependent on crustal strueture, it may be

possible to use muasuremnts of those quantities to determine orustal

structures If the input wave is of the form (AT.) ti(i sct), then the

surface mtion am be represented a

o - (ATn ) (TU) *i(pt k (x)

wo - (ATn ) (TV) e i(pt 4 cc)

Since every point on the free suface is executing the same type of

motion, although with different phases, we can consider the point x - o

without any loss of generality. With this understanding, and since the

system is linear we can expres the surface motion due to an incidae

wave of the form

INiCIDUT iWATll .-- (A.n) .0tdp

2_ ff (000
-~ ~ u0 ) () -(g (TU) oiptdp()

x°t -o 211 0o

and 00t)L. (A) (TW) e1 tdp

where ATn is the frequency spectrum of the iput wave, and may be a eon-

plex function of frequency.

In actual practice uo(t) and wo(t) are recorded by seismographs and

from this motion we would like to obtain information about the crust,

or possibly about the souroe. Upon examining equations (6) we ses that
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the effects of the crust and source are interconnected in the quantities

we usually observe. In order to separate these two effects# let us eon-

sider the Fourier transform of the groumd maime It we define h0

taansf am of asF() we have

P(uo(t)) - W n) (TU) )

F(uo(t)) " (ATn) (TU)

The left-hand side of equations (9) can be determined from the observa-

tions. Thus we can determine the product of the source spectrum and the

transmission effect of the layers. However, if we take the ratio

F(Uo(t))/F(vo(t)) we obtain a qiantity siiih is Indepedent of the fte-

quemy content of the source.

F(u o (t)) T (10)

F(wo(t)) TV

This ratio depends on the frequency, the horizontal phase velocity

(angle of inoidenoe), and the layer parameters. We might look upon

TU/W as the tangent of an apparent angle of incidence i ich in a fmc-

tion of frequency.

Since this ratio depend on the structures it should be possible

to determine the structure, or the class of structures, wh ich give

theoretical ratios to match the ratios obtained from the obeervatiomm

at a given site.

Phinney (1964) studied the crust near Albuquerque, N. 14., by

matching curv by trial md error, and found that structures whiob



were in agreemnt with the known geology gave good results, while those

which were radically different gave poor agreement. Thus even at this

tim, this method of determining crustal structure appears to hold

some promise, In the future it is quite possible that computer inver-

sion program sindlar to those used in surf ace wave work may be used,

This method has the advantage of allowing t.#e determn~ation at

crustal structure beneath a station from the observations at that single

station alone. Further, it does not depend on the picking of a single

event, but uses the series of events which are recorded at the surfaoe

due to the direct arrival of the plane wave plus all of the arrivals

cong from crustal reflections and conversins This use of tim mse-

tictorather than specific events may be of considerable help In these

sums where it is difficult to identify specific events*

Once the crustal structure beneath a station is knowng then it

should be possible to determine the frequency content of the wave which

struck the bass of the crust. Referring to equations (9,we se that

(A !n) - F(uo(t)) * F~wo(t)) (11)
TU TV

This would allow us to obtain a better description of the source. A

technique such as this my prove to be especially valuable in shear

wave investigations.

It should be emphasized that in these consideration there are

soe important restrictions which my severely liit the application

of these techniques. For example, the attenuation of high frequncis



which will provide the greatest resolution# the crust at the souroe,

the curvature of the real earth, and the necessity of having perfectly

matched instruments, all have effects which are not considered here.

At the present time, we can only point to the work of Phimney (1964)

which indicates that these methods are applicable at lest to the stvIy

of the coare features of crustal layering.

In the remainder of this report, we will examine the theoretical

variation of the transmission coefficients TU and TW with frequency,

angle of incidence, and crustal model in order to obtai- som wmder-

sta ding of the effects of theme paramters.
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In order to study the variation of TU and TW with frequency, angle

of incidence, and crustal structure, we wrote program for the IBM 1620

and 7072 computer system. The basic program in 1620 tor. is shown in

hpendix I (the 7072 form of this program differs only in the input-

output statements and the addition of a Fourier integral routine). The

input to this program speoifies the ranges of angle of inoidenoe and

frequency, and the thicknosses velocties and densities of the layers

of the orustal model to be considered. In this study the angle of

incidenoce was varied from 21 degrees to 53 degrees in steps of 4 do-

gre, and the frequency was varied from .02 ape to 10.0 cps in steps

of .02 cps These ranges were chasm bese o their ap3 l t,

in various seismological studieos.

The models hioh were chosen are listed in Table I together with

a brief description of their predominant features. We determined the

values of the amplitude and phase of TU and TV for each of these models

at the values of the angle of inoidenos and frequency given above. Duo

to the extent of the data (greater than 27,000 individual points),

only a representative number of curves will be shown to illustrate the

conolusions. The complete sot of-data is available in the form of

punched cards at the St. Louis University Institute of Technology,

Departmet of Geophysics. It should be noted, however, that unless

the entire range of data is desired, it is often more oonvenie to

compute the data in the desired range by uwing the progm in

II
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TABLE 1

Model Description of Thickness P S- Density
No. Main Feature (Km.) Velocity Velocity

(Im/Seo) (Km/Sec) (Gm/Cm3 )

1. A crustal model 1.0 4.40 2.50 2.70
similar to that 19.0 6.20 3.50 2.80
of the central 18.0 6.40 3.70 2.90
U.S. with a 8.20 4.60 3.30
thin, low-
velocity sur-
face layer

2. The same model 20.0 6.20 3.50 2.80
as 1, but the 18.o 6.40 3.70 2.90
surface layer 8.20 4.60 3.30

is removed and
the second layer
is extended to
keep the total
crustal thickness
constant

3. A crustal model 15.0 6.20 .3.50 2.80
with a relatively 5.0 6.00 3.30 2.80
thin low-velocity 18.0 6.40 3.70 2.90
layer at depth 8.20 4.60 3.30

4. The model of 37.0 6.285 3.635 2.869
Haskell (1962) 7.960 4.600 3.370
included as a
check on calcu-
lations

5. A crustal model 30.0 6.20 3.50 2.80
representing a 20.0 6.40 3.70 2.90
relatively thick 8.20 4.60 3.30
crust, having the
same velocities
as 2 and 6

6. A crustal model 15.0 6.20 3.50 2.80
representing a 5.0 6.40 3.70 2.90
relatively thin 8.20 4.60 3.30
crust, having
the same veloci-
ties as 2 and 5

eModels 1 and 2 were suggested by Mr. T.V. MoEvilly as
corresponding to crustal structure in Missouri and/or
the central United States.

I
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Appendix I.

In discussing the figures on the following pages, we shall make

use of the term "character" and "shift," "Character" is intended to

refer to the relatiom between the amplitudes for various frequencise

for a given angle of incidence and a given model* That is, Noharac-

ter" refers to the general shape of adjacent peaks and troughs. On the

other hand, sshlift" is intended to refer to the fact that the fre-

quency variation often appears to be compressed or extended and thus

segments of the curves having simlar character are displaced in the

frequency domain.

In Figure 2, we see the variation of ITUI for model 6 plotted for

six angles of incidence in the frequency range from 0.02 to 2.0 ape.

This particular model was chosen because it illustrates features of

the ourves which are found in all of the models, and in addition, the

frequency variation Is slow enough that the featuzws may be readily

observed.

In all of the figures of this type$ the variation with frequency

is obvious. With few exceptions, it has not been possible to interpret

the frequency variations of these curves as being due to any particular

physical phenomnon (for example, multiply reflected waves of a spoif-

ic type within the whole crustal model or any section). In this figures

we can observe the effect of the angle of incidence an the frequa

variation. We can make the folloi,rg observationss

1) AA the angle of incidence increases, the average amplitude

increases. This might be expected in view of the fact that the
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dilatational input will have a greater horiscetal component at the lar-

ger angles of incidence.

2) The frequency variation is more rapid at small angles of in-

cidence than at larger angles. This iS due to the fact that for the

small angles of incidence in this range, the P to S conversion has a

large horizontal component hlich effectively doubles the numer of wave

types causing interfarenas in the physi cal realm.

3) As the angle of incidence increases, the character of the

variation changes considerably. For example, the peak *ieh occurs at

about 0.14 cpu in the graph for the 29 degree angle of incidence has

almt disappeared at 49 degrees. On the other hand, some relatively

large amplitudes at large angles were relatively manor at smaller

angles. However, the extrems, that is the largest maxima or smallest

mbnma, tend to persist and this suggests their depe me om the dIla-

tatbomal energy.

14) As the angle of incidence increases, we can observe a syatei-

atio shift. At low frequencies, this shift is not so apparent, but at

the higher frequencies, it becom s progressively =re evident. The

rate at shift appears to increase continuously with the increase In

angle of incidence, if allowances for the change in character are made.

It will be seen in later figures that a decrease In the voloaty also

can cause this shift to take place.

In Figure 3swe nsethe ariation of ITW Ifor model 6. InthWU

flgres we can mae the folleowig ebeervatie=I

r I
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1) As the angle of incidence increases, the average amplitude

decreases. This again would be expected on the basis of the vertical

component of the dilatation being smaller at large angles of incidence.

2) The variation with frequency is sraller at large angles of

incidence than it is at small angles. This corresponds to the fact

that for large angles of incidence the vertical component of P is

small, and further, the angle of incidence of the converted S motion

is such that the S motion has only a small vertical component even when

the angle of incidence of the dilatational energ at the base of the

erot is 53 degrees.

3) As before, the character of the variation changes considerably

when the angle of incidence Increases. For example, the trough which

appears in the range 0.14 to 0.16 cpe at an angle of 29 degrees has

beome a peak at 49 degrees.

4) Again as the angle of incidence increases we can observe a

shifting of the curves. This shift increases with both angle and fre-

qumnoy.

In comparing Figures 2 and 3, we note that for small angles the

average amplitudee in Figure 2 are smaller than those in Figure 3. At

larger angles, the two are nearly equal. The frequency variation of

the ITUI Is moe irregular than that of tivi. The shifting effect Is

of the same magnitude in both figuree

In Figure 4. we see the variation of the phase of TU for model 6l

for a variety of angles in the same frequency range as above* For this

figue, we can make the folling obeervatioms

I
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1) At very low frequencies, the phase shift approaches 180 de-

grees, This is the result of using the absolute value of the amplitude

in the ratio rather than the horisontal component which would have a

sip connected with it. If we allow for this change in phase caused by

the mathematics, we can interpret this phase shift as saying that at low

frequencies the incoming wave does not nsee" the cruet.

2) The phase shift is not linear, and the non-linearity is as-

pecially severe at small angles of incidence, where it often amounts to

variations of up to 4O degrees. At larger angles, the phase shits

becom very nearly linear in certain regions. As the frequency in-

creases it appears that the phase shift become more irregular. How-

ever, as we will see in later figures, this is not progressive, but is

a periodic phenomenon. The decrease of the non-linearity with increas-

ing angle of incidence and the appearance of the vertical phase shifts,

which will be ooiuidered next, both Indicate that the non-linearity Is

due to the S conversionse However, we have been unable to interpret

this on the basis of a particular ray arrival or the nterferenee at

particular ray events.

3) As the ungle of incidence increases, the absolute value of

the slope of the curves becomes smaller. This is related to the shift

which appeared in the amplitudes of TU and TW . We can interpret

this decrease in the absolute value of the slope as the angle of in-

cidenoe increases in term of the travel tim of the wave front. TU

and TV represent the relations between two points, one at the base of

the crust, and the other at the free surface directly above the first
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points As the angle of incidence increases, the distance between the

two points along the normal to the wave front decreases. If we do-

orease the distance, then the tim. required for the wave front to move

through these two points decreases, and the phase difference beween

two frequencies differing by an anount A p deoresse.

Phase differencea (Ap)t

ucere t a travel tims.

This explanation was suggested from a consideration of plane waves;.

and in the steady-state case, the surface of constant phase my be a

ouve due to the superposition of the many reflections and oonversions

possible. HOmever, aim* this same argument (i.e., based on travl

times) explains the shifts in the amplitude variation and the changes

in the slope of the phase variation observed in the various models, we

beliemv that this explanation is essentially correct.

inFiguret 5 we have the variation of the phase of TV for model 6

for a series of angles in the same frequency range as above.

1) At low frequencies, the phase shift approaches 360 degreoes

Again allowing for the sign convention and the sign of the total anpli-

tude at depth, this 360 degree phase shift at low frequencies Indicates

that the low frequencies are not affected by the crust.

2) The phase shift for TW is very.nearly Linear, and the extent

of the non-linearity does not increase appreciably as the angle of

Incidence increases in this range.

3) As the angle of incidence increases, the absolute value of

the slope beacos smiller. This Is due to the same oauses as were
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previously mntioned for the phase of TU.

In Figures 6, 7, and 8. we have the variation in the frequency de-

pendence of ITUI as a function of the model. In Figure 6. the varia-

tion is plotted for an angle of incidence of 21 degrees, Figure 7 for

33 degrees, and Figure 8 for 45 degrees. The observations 1hioh wil

be made apply to all three figures.

1) The effect of the low-velocity surface lqver in model 1 is to

introduce a "long period, large amplitude oscillation In the frequenoy

variation of ITU for this model.

Further, the low velocity in this surface layer causes a shift to

the left in model 1 with respect to model 2 (hich is Identical oz-

oept for this layer). This shift can be ebserved at frequencies greater

than 1.5 ape.

2) Were it not for the long period variation and the shift caused

by the difference in velocities, models 1 and 2 would have essentially

the sam frequeay variation since the character at the two is qate

similar.

3) Models 2 and 3 are similar in character at low frequencies,

and although the character changes at higher frequencies, it might

prove to be practically impossible to distinguish between these two

models at frequencies less than 0.2 cps.

4) Models 3 and 4 are similar in amplitude, but the fins charac-

ter is different. This is attributable to the differences in veloci-

ties, The shift between these two models is noticeable and is due to

the one kilometer difference In the thickness of the total crust.
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5) Model 5 has the same velocities as models 2 and 6 although

the relative thicknesses of the layers are different, The character

is actually quite similar in these three modelso Hovevers the shift

to the left in model S due to the relatively large total crustal

thickness is so great as to cause the amplitudes at a given frequency

to be considerably different. At higher frequencies the character

also changes with respect to that of model 2, but it still remains

similar.

6) Model 6 is similar to model 5 in term of the velocitiessbut

is much thinner (20 kilometers in total thickness in model 6 versin

50 kilometers in model 5). This causes a considerable shift to the

right in the values of IUj in model 6.

7) The difference in the models at a given low froquency Is more

apparent at large angles of incidence than at small angles* This is

due to the change in character, the change in amplitude, and the shift.

On the other hand, at the larger angles the character of the curves

is relatively simple. The character alone does not give a good basis

for distinguishing between the models, but the vau8 of the oo-

efficients would have to be used*

In Figures 9, 10, and l,, we have relations similar to those shown

in Figures" 6, 7 and 8; however, in this case we are considering I'TWI

The same comments as were made about ITUI are applicable here. In

comparing the two sets of curves, we see that the positions of the

maxima and minima of the two sets of curves do not occur at the se

place, and the characters of the two sets are entirel different.
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In Figures 12 through 14 we have the variation in the phase of

TU f or the various xodes at three angles of incidence. In these

figures we can observe the folloming points$

1) The phases of the first three modela at low frequenoies are

nearly the a am.

2) The relations between the absolute values of the slopes of

the models are model 6 < model 4 < model 3 <' model 1 <model 2 <

model 5.

3) The difference in the slopes beoomas more apparent at the lar-

ger angles of incidence.

4) There are definite regions of non-linearity. The character

of the non-linearity appears to be similar in all of the models e In

these regions there appear to be disoontinuities. However, on the

basis of model 6 we vould expect the variation to be continuou al-

though very rapid.

In Figures 15-17, we have the variation in the phase of TV fir

the saw models at the sane angles of incidence. Here we can make the

following observatione:

1) There are slight variations in the linearity wich become

more apparent at the larger angles* However, for not praotioaj pMS-

peas we could consider these phase shifts to be linear.

2) At low frequencies the phases of the first three models are

nearly the same.

3) The values of the slopes are arranged in the same order as

were the phases of TU. The slopes of the phase shifts of TV are very

k
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similar to the slopes of the corresponding phase shifts of TU.

In Figures 18-21 we see the variation of JTU I IN I , the phase

of TU and the phase of TW, respectively, for all of the models for am

angle of incidence of 33 degrees in the frequency range 2.02 to 4.00

ape. Upon comparing these figures with the previous figures, we see

that the character is essentially the sam as the oorresponding fig-

ures in the lower frequency range,

One noticeable exception to this statement is especially prominent

in Figure 20 in the frequency range from 2.02 to 2.5 op. for nodel 1.

Here there is a region in uhich the phase changes very rapidly. This

condition dies out but does repeat itself at higher frequencies. We

see that the character of the amplitudes i, also sonwhat different

in this range (Figures 7, 10)j however, this is not so noticeable. This

condition is apparently related to rotational interfeence since the

iusual character appears mainly in the horisontal component.

Also we notice that the shift has increased to the point where it

is no longer possible to correlate peaks and troughs. The values a

TU and TW my be considerably different at a given frequency in this

higher frequency range. From this we can conclude that our best oppor-

tunity for distinguishing between models would be to know TU/7N for the

range of frequency from 0 to 3.0 cp. at intervals of .035 ape. This

would allow us to distinguish between modls an similar as the first

four in this paper.

In order to test the validity of the computations and to provide

a comparison with conventional ray theory in the real time domain, the

U
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values of TU and TW were used to Fourier synthesiso the surface otion

due to an input pulse. Since the values of TU and TW were Incn in the

range from .02 to 10.0 cps, an incident wave of the form

INCIDEN WAVE - 1/"7 f 016s pt dp

was ohosen., Upon evaluating the integral we haves

INCIDIT WAVE - (i/r) ((sin 20rr t)/t - (sin .0ir t)/t)o

At t-O, this function has the value of 19.96 and on either side of t=O

it appears as a rapidly decaying sine wave. Became the first term is

such larger than the eeoond (by a factor of 500), for small values of tp

the predominant features of this input wave very closely resemble

(1/r)(sin 2Or t)/t. The value of this function does not exceed 12

per cent of the peak value for t > .13 seconds. We combined this

input wave form with TU and TW according to equations (9) in section 2.

These integrals were evaluated for both uo(t) and WO(t) for all of the

siodels at all of the angles. The time range which was chosen for each

angle-model combination was centered on the time of the first arrival

of the surface motion as predicted from independent ray theory calcula-

tions which we carried out. We chose the time interval of the synthesis

at .02 seconds. The synthesized ground aotions for the angles of 25,

33s 41 and 49 degrees are shown in Figures 22-29.

In addition to computing the ground notion from TU and TW, we

used the standard ray theory as given in Chapters Two and Three of
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&lastio Waves in Layered Media (Awing, Jardetzky, md Press, 1957) to

compute the arrival time and amplitude of the first arrival. In the

amplitude calculations we took into account the free surface. In doing

so, we assumed that Poisson's ratio was 0.25 in the upper layer for com-

putational simplicity. In these models, the maximam deviation from this

value is .015 or 6 per cent. The relative times and amplitudes of the

ray theory arrivals are shown in the figures by a solid line. We see

that the agreement between the synthesised motion and the mplitudes of

the first arrival based on ray theory is very good. The times agree to

within .007 soonds and the amplitudes to within 6 per cent. The author

considers this agreement to be a substantial check on this work. This

is especially important since most of the calculations cannot be chocked

directly.

In considering the synthesised notion we see that the notion in

models 2-6 reembles the time history of the source very closely, while

the motion after the peak arrival in model 1 is quite different. We

would expect this because of the presence, of the thin surface layer in

model 1 which is not present in the other models. The arrival times of

these later osoillations agree with those predicted for P to S oonver-

sions at the uppermost layer and with mltiply reflected P and S waves

within this thin layer. In addition to the work shown in these figures,

we carried out more extensive synthesis at a much coarser time intervals

and we found that the synthesised record showed energy arriving at the

arrival times predicted by ray theory for aultiply reflected and con-

vertod waves for all of the models* This was taken as a further check

on the validity of these oalculations,



4. Sumary and Conolusions

In the preceding sections, we have outlined the use of the Haskell-

Thomson matrix mthod to deteradne the effect of the crust on steady-

state dilatational waves, We showed how we could corbne a knowledge

of the transmission effect of the crust with the recorded surface motion

to determine the notion at the base of the crust. Or alternatively$ we

showed how a knowledge of the surface notion at a single station might

be used to determine the crustal structure beneath the station.

Since little is known about the frequency variation of the trans-

mission effect of the crust, we calculated the transmission coefficients

for six representative crustal models for nine angles of incidence in

the range from 21 degrees to 53 degrees. The frequency variation was

considered in the range from .02 to 10.0 ape. Once we determined these

coefficients we used them to synthesise the surface motion which would

arise from a pulse of the form of (l/1T)(sin 20Ot)/t, and thus obtained

real time results which could be checked by comparison with the first

arrivals predicted by ray theory. From these coputation, we can inks

the following conolusicos:

1) Variations in the total thickness of the crust as small as one

kilometer cause a noticeable shift in the positions of the peak and

troughs of the transmission coefficients. The thicker the crusts the

more rapid is the frequency variation.

2) For crustal models having the same total thicknees, the main

difference in the frequency variation of the transmission coefficients

is in the character of the oscillations. At low frequencies (less than



0.2 ops) this is difficult to determine.

3) The variation in the horisontal transmission coefficient is

more irregular than that of the vertical cofficiesn in the range of

angles of incidence studied. This is dne to the importanoe of converted

SV yaws in this range.

4) The effect of thin, low velocity surface layers is quite pro-

nounced in the transmission coefficients. This effect appears as a large,

"long period" oscillation in the f requmoy variaticn of the transmieion

coefficients.

5) A low velocity layer at depth is very difficult to determine$

especially from low frequency masremnts. Howver, the difference in

shift caused by this layer is observable, and if the transmission co-

efficients are known over a sufficient range (say .02 to 3.0 cpu), it may

be possible to observe the presence of the low velocity layer*.

6) In general, it is necessary to know the transmission coeffi-

cients at intervals of about .015 cps for crustal models of about 38

kilometers thickness in order to observe all of the significant features.

For thicker crusts, it will be necessary to know the values at even

smaller intervals. Thinner crustal models could be nvestigated at

coarser intervals.

7) The method of determining crustal structure through the use of

these transmission coefficients holds considerable promise when the mo-

tion after the P arrival shows complicated oscillations which arise from

the combination of the input wave form and the orustal Intr ference
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8) When oo aring the records obtained from instrumnts with very

different frequency response curves it is impartant to realise that the

sections of the spectrum of the input to dich the two instruments are

sensitive may be very different. Thus it is poesible in extreme cases

that short period instruments show sub tantial larger displaoements

than long period instruments at the same sites. Further, even the sam

instruments at different sites at the same distance from the point of

generation my show different ayiplitud due to the crustal affect. This

effect smst be taken into account in such investigations as scoe

nechanism studies and mgnitude determdnationc.

9) In those studies in uhich frequency dependence 18 i4portants

or in which the observed motion ins8o complicated that individual events

cannot be identified, this method is superior to ray theory in that its

application is more direct. However, for models of the type studied

here, the two methods are equivalent in that, given the source form and

the crustal model, it is possible to predict the surface motion from

either one*
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APPENUIX Z

1k1620 C011PUTER PROGRAVK FOR TO. AND TW,

C THIS PROGRAfl IS DESIGNEU TO COhPUTE THE TRANSFER FUNCTIONS
C FOR INCIUENT UILATATIONAL WAVES ONLY.-

c APPARENT SURFACE VELOCITY MUST BE GREATER THAN P VELOCITY
C INTHE OP LYERAND THE S VELOCITY IN ANY LAYER

WHENSIUN( 6 0)tA(60) B(60),RHO(60),DGAIM(60),DGAM1 (60),
iluRA (60) ,uRB ( 60),,H( 605

100PUNCH 1
IFORMAT(42HP ORIENTED LAYEREU SYSTEM RESPONSE 9/25/63)

C READ IN FOUR LETTER IDENTIFICATION
READ 1101 T2

111FORMAT (A41
C REAL) IN NO. OF LAYERS AND LAYER CONSTANTS

REAL) 2 , NOL
2 FORMAT(13)

PUNCH 29NOL
C READ IN LAYER CONSTANTS

DO 3 I - 1,NOL
# REAU 5009 D(I) vA(I) W() kHO(I)

3 PUNCH 500, u(I),A(I),B(I),RHO(I)
500 FORPIAT(4F 10.4)

PUNCH 1620
1620 FORM4AT(2HWV,3X,4HANGI,6x,4HFREQ,5X,7HAPP VEL,5x, HU,8X,3HPHU,

i8Xo lHW,8X,3HPH!-io6xq4HOhEG)
N =NOL
NI NOL - I
N42 - NOL - 2

C REALD IN INITIAL ANGLE, INCREMENT, FINAL ANGLE IN DEGREES
7001 REAu 4 , jWGIPq UANG19FANGI

4 FORMAT(IF10.4)
C REAL) IN II1TIAL FREVJE NCYINCRESHENT9 FINAL FREQUENCY

READ 4. FREqlqDFRE-2,FFRE4
NOANG = (FANG I - ANGIP)/DANGI + 1.
NOF = (FFREQ - FR'.~)/DFREQ + 1.
AIJGI P = A14G IP -DANG I
DO 310 IA = 19NOAN'G
FREQ = FREQ1 - DFRE- e
ANGIP = ANGIP + DANGI.
C = A(NOL)/SINF(AlNGIP/57.2957 8O)

C COH~PUTE REUSABLE VARIABLES FOR THE FIRST LAYER
FCOIVA = C/A'(l)
FCOVU = C/83(1)
FGAil = 2./(Fc'OVB**2)
FGAII1 - FGAP' -1.
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FRA - Si4RTF(ABSF(FCOVA**2 - 1.))
FRB - SQRTF(ABSF(FCOVB**2 - 1.))
FHi = RHO(1)*C*C

C COMPUTE REUSABLE VARIABLES FOR THE REMAINING LAYERS
DO 1346 Hi 29NOL
COVA = C/A71')
COVB - C/B(14)
OGAMI(M) = 2./(COVB**2)
DGAMI(M) - LGAM(M) - 1.
URA(M) - SQRTF(ABSF(COVA**2 -1.)

URB(M) = SLRTF(ABSF(COVB**I .
1346 UH(M) - RHO(M)*C*C

00 310 IFR w 19NOF
FREq = FRE Q+ DFREQ
WVNO = 6.2831 853*FREQ/C
P - WVNO*D(l)*FRA
Q = WVNO*(1)*FRB
SINP = SINF(P)

l- S INP/FRA
X - FRA*SINP
COSP - COSF(P)
SINQ = SINF(q)
Y - S I 1Q/FRB
Z = FRB*SI14
COSQ = COSF Q)

C COMPUTE ELEMENTS OF A MATRIX FOR FIRST LAYER
All - FGAM*COSP - FGAMI*COS,"
A12 - FGAM1*W +FGAM*Z
A2 1 = FGAM*X + FGAMl*Y
A22 = -FGAMI*COSP + FGAII*COS.,i
A31 = FH*FGAM*FGAM1*(COSP -Cos")
A32 = FH*(FGAMI*FGAMI*W/ + FGAM*-FGAM*Z)
A4 1 =- FH*(FGAM*FGAi'I*X + FGA1*FGAM1*Y)
A42 -A31
IF(N2) 13479134991347

C COVtPUTE ELEMENTS OF A MATRIX FOR REMAINING LAYERS
1347 DO 1345 il = 2 NlI

GAM = UGAI'I(M)
GAMMI = DGAMI(M)

RA= RA(M)
RB = LIRB(M)
H = UH(M)
P = WVNO*U(M)*RA

~=WVNO*(1)*RB
IF (C-A (M) )121 122m,123

123 SINP = SINF(PI
4= SINP/RA

X = RuA*SII,4P
COSP - COSF(P)
GO TO 124

122 a - VN0*0 (14)
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x - 0.
COSP - 1.4
GO TO 124

121 EXPP - EXPF(P)
EXPM - EXP(P
'd - (EXPPZEX(v1) (20*RA)
X- RA*(EXPM-EXPP)/2.
COS? - (EXPP+EXPM)/2.

124 SINQ - SINF(Q)
Y : SINQ/RB
Z -RB*SINQ
COSQ -COSF(Q)
B811 GAM*COSP - GAMMI*COSQ
B12 - GAMM1*W + GAM*ZIB13 - -(COSP-COSQ)/H
B14 = (W + Z) /H
B21 = GAM*X + GAMM1*Y
822 - -GAMt'il*COSP + GAM*COSQ
823 - -( X+Y)/H
B24 - 813
B31 - H*GAM4*GAMM1*(COSP-COSQ)
B32 - H*(GAMMI*GAMMI*W + GAM*GAM*Z)
B33 - B22
B34 - B'12
B41 =- H*(GAM*GAM*X + GAMMI*GAMM1*Y)
B42 - B31
B43 - B21
044 - 811

C MULTIPLY MATRICES
EAll - 811*A11 B12*A21 + B13*A31 + B14*A41
EA12 - B11*Al 2 + 312*A22 +I B13*A32 + B14*A42
EA21 - 821*AJ1 + B22*A21 +B23*A31 + B24*A41
EA22 - 821*A12 + B22*A22 + B23*A32 + B24*A42
EA31 = B31*Al1 + B32*A21 + B33*A31 + B,34*A41
EA32 - B31*A12 + B32*A22 +B33*A32 + B34*A42
EA41 = B41*A11 + B4 2*A21 + 843*A31 + B44*A41
EA42 - 841*A12 + 942*A22 + 843*A32 + 044*A4 2
All - EAll
A12 = EA12
A2 1 - EA21
A22 - EA22
A31 = EA31
A32 = EA32
A41 - EA41

1345 A42 = EA42
134*9 A 2 1 - -A21

A41 - -4
GAM - UGAK(N)
GAMMI - UGAM1(N)
RA - L)RA(N)
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RB - UR3 (1)
H = UH(N)

C COMPUJTE CLEMENTS OF E INVERSE FOR THE LAST LAYER
BlJ - 2.*(B(N)*B(14)) /(A(t4)*A(N))

B13 - ./(RHO(N)*A(N)*A(N,)
822 - C*C*GAMM1i/(A(N)*A( N*RA)

824 - B13/RA
831 -GAII1I/ (GAM*RB)
83.3 - 1.I'(H*GAM*RB)
B42 -1.
844 - ./(H*GAM)
EAll = B11*A11 + B13*A31
EA12 - 1311*A12 + B13*A32
EA21 - 132 2*A2 1 + B24*A4 1
EA22 - 822*A22 + B24*A4 2
EA31 - B31*A11 +B33*A31
EA32 - 831*A12 + B33*A32
EA41 - B42*A21 + B44*Ak1
EA42 - 642*A22 + B44*A42I OMEG -FREQ*6.2831853
DR = EA21*EA32 - EA11*EA42 -EA12*EA41 + EA22*EA31
DI - EA 11*EA32+EA2 1*EA42-EA 12*EA3 1-EA22*EA41
DENSQ -UR*DR +- DI*DI
UPNR -EA32*Db-EA42*DR
UPNI =EA32*DR + EA42*DI
UPDC -(2./DENSQ)*SQRTF(t'PNR*UPNR + UPNI*UPNI)

C UDTP -AMP OF TU PHUPD - PHASE, WDTP w AMP OF TW, PHWPD - PHASE
PHUPD -ATANF(UPNI/UPNR)
PHUPD - CORANG(PHUPD ,UPNItUPNR)
WPNI -EA4]*DR +EA31*DI
WPNR -EA31*DR + EA41*DI
WPDC =(2./D-,ENSQ)*SQRTF(WPNR*""PNR.wPNI*'4PNI)
PHWPD =ATANF(WPNI/VWPNR)
PHWPD =CORANG(PHWIPD qWPNIgIPNR)
UDTP -COVA*UPUC'
14DTP -COVA*l PDC4015983

303 ,ORMATA4sFB.3 ,FlO.5qF1O.3rFl0.4vFlO.5 11FIO.FO5, 8 3
310 PUNCH 303tT2vANGIPvFREQtCtU0TPvPHUPD ,WDTPPHWPD 90MEG

C CONTROL CARD TO CONTROL RECYCLE
1020 READ 70009 CNTRL
7000 FORMAT(F 10.2)

IF(CNTRL) 7001, 1030, 1021
1021 PRINT 990
990 FORMAT(1HEN) OF CASE.)

Y = LINK(EA31)
E NV

C CORANG IS A SUBROUTINE TO UETERMINE THE RIGHT QUADRANT
C FOR THE ANGLE DETERMINED BY ATANF

FUNCTION CORANG(FUAOFUIFUR)
IF(FUA) 1,1,4



1 IF(FUI) 2-g203

2 ANGMUL -.0.
GO TO 7

3 ANGMUL - 1.
I GOTO 7

4IF(FUI) 59596
5 ANGMU. W-1.I GO TO 7
6 ANGMUL - 0.
7 COAANG - FUA + ANGMUL*3.14159265

RETURN
END
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